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Introduction

T IME-OPTIMAL trajectories in the horizontal plane for
a thrusting vehicle have been investigated quite exten-

sively in the past 35 yr.1'3 The present work employs some
modern computational techniques in order to investigate these
trajectories for an actual unmanned air-vehicle (UAV) called
DELILAH. DELILAH is a small turbojet-powered decoy
equipped with active and passive rf payloads to simulate a
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full-size aircraft. It weighs 400 Ib, its dash speed is about 770
fps, its stall speed is about 250 keas, and its flight ceiling is
30,000 ft. Minimum-time flight trajectories in the vertical plane
for the same air-vehicle have been studied in Ref. 4.

The study of the minimum-time maneuvering problem in
the horizontal plan is done in three steps:

1) The minimum principle and the associated two-point
boundary-value problem (TPBVP) are formulated and nu-
merically solved by a multiple shooting algorithm.

2) The Jacobi test is carried out by a technique based on
singular-value decomposition.

3) An approximation scheme is considered, in which we
assume constant flight speed along the trajectories.

In both, the exact and the approximate formulation the
altitude is assumed to be kept constant by the longitudinal
control loops. The vehicle is of a bank-to-turn type, and there-
fore, the bank angle is the natural controller for this problem.

Problem Statement
The equations of motion for a point-mass model of the

vehicle are

x = V cos ̂

y = V sin W

e = (V/W)(Th - D)

V - (g/V)tan <J>

(1)

In this formulation, we assume constant mass, zero skid
angle, thrust directed along the flight path, and constant al-
titude. The bank angle <1> is taken to be the control variable.
The velocity V is related to the specific energy by

e = h + V2/2 g (2)

We further assume a drag polar of the form

D = DO + Di n2 (3)

where

n = I/cos <£ (4)

DO = qSCdO, Di = KW/qS (5)

The propulsive force is of the form

Th = k8(Alp2 + A2p + A3), A\ > 0 (6)

where k, Al, A2, and A3 are empirical constants, and where

8 = Pt/PQ

p = (TQ/Tt)2 (7)

The models for the aerodynamics and for the propulsive
forces have been confirmed by ground tests (wind-tunnel and
altitude chamber tests) and by flight tests. The control variable
O is bounded by
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Table 1 System parameters

Propulsion

W, Ib

400
k

0.96 Ib

A\
281.8

A2
-94.1

A3
-56.9

Aerodynamics
CdQ

0.065
K

0.16

S
3.47 ft2

Control
4>min

-0.8726, -50deg

cDmax

0.8726, 50 deg

We shall employ standard atmospheric properties to model
the ambient temperature, the air density and the atmospheric
pressure.

The optimal control problem is to determine the control
variable which, subject to the constraint (8), will drive the
system (1) from a given initial condition to a predetermined
terminal position and azimuth. The terminal energy (i.e., ve-
locity) is free, and the cost is the transition time

J = Tf

Problem Analysis

(9)

First-Order Conditions
We define the Hamiltonian

H = 1 + AVJC + ; \ee (10)

First-order necessary conditions (including transversality
conditions) are of the form5

A, = -

H(Tf) = 0
A,,(77) = 0

(11)

(12)

By the minimum principle the Hamiltonian has to be min-
imized by the control, thus

(13)

hence

tan 4> = (gW/2DiV2)(\v/\J (14)

If, however, Eq. (8) is violated, the specified limit should
be taken.

Second-Order Condition
A second-order necessary condition, the Jacobi condition,

is considered next. We employ the approach of Kelley and
Mover6-7 of evaluating the rank of the transition matrix G(t)
defined by

8x(t) = G(r)5A(0) (15)

where SA(0) is a perturbation in the initial value of the costate
vector, and dx is the resulting perturbation in the state vector,
thus

ax(t)

MI __
3A,(0) d\y(0)
de(t) de(t)

d\,(0) d\y(0)

d\y(0) d\e(0)
dy(t) dy(t)

de(t) de(t)

dAv(0) d\y(Q)

(16)

Table 2 Boundary conditions

*(0)

0

0

0

x(Tf)

50,000

50,000

50,000

y(0) y(Tf)
Case a, ft

0 200

Case b, ft
0 2,000

Case c, ft
0 20,000

¥(0)

0

0

0

¥(7]f)

0

0

0

Due to the fact that 8x is normal to the costate vector A,6-7

the rank of this matrix is less than four, when evaluated around
an extremal [i.e., a solution to Eqs. (11-14)]. A drop in the
rank from three to two (or less) indicates a conjugate point,
and a nonoptimal extremal. In order to carry out this test one
has to accomplish two tasks: 1) constructing the matrix G(t)
and 2) evaluating the rank of G(t).

A simple way to accomplish the first task is by direct nu-
merical differentiation,6-7 which requires n additional inte-
grations of the system equations. On each integration, we
change one of the costates at the initial time by a small amount.
The "smallness" of this perturbation should be verified by
checking the linearity of the solution. As in the previous work,4

we use a singular-value decomposition (SVD)8 for the second
task. This is numerically preferable9 over computing the de-
terminants of the minors of G(t) as originally suggested in
Ref. 6. In this approach we evaluate and plot the singular
values of G(t) as a function of time. One singular value should
vanish, but the other three should be different than zero, thus
indicating one-dimensional null space. It should be noted that
the numerical value of the "zero" singular value is a measure
of the "smallness" of the perturbation taken to construct G(t).
Having an extremal that satisfies the minimum principle and
the Jacobi condition on 0 < t < Tf, one may claim that
sufficient conditions for local optimality have been obtained.5

Numerical Examples
Numerical values for the DELILAH system are given in

Table 1. Three numerical examples have been studied em-
ploying offset maneuvers. The initial conditions and the target
points are listed in Table 2. The altitude has been fixed to
10,000 ft, and the initial specific energy to 20,000 ft. Extremals
for the associated TPBVP have been obtained by a multiple-
shooting algorithm, where initial costate vectors of smaller
offset maneuvers were used as guesses for the larger maneu-
vers. The optimal control time histories for all three cases are
shown (in normalized time) in Fig. 1. The optimal costs (tran-
sition times) are 65.8, 65.9, and 72.9 s for case a, case b, and
case c, respectively. In all cases the solution seems to possess
two boundary layers, one near the beginning and one near
the end, where bank-to-turn maneuvers are taking place. In
the intermediate phase the bank angle is relatively small and
the flight is almost straight and level. The initial turn is always
gradual whereas the final turn is very fast. The reason for that
is the importance of maintaining speed during early stages of
the flight. Tight turns should therefore be avoided. This is no
longer valid at the final boundary layer where tight turns are
desirable. Notice that in case a, the least demanding case in
terms of the cross-track offset, the control does not reach its
limits in any of the boundary layers; in the more demanding
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Fig. 1 Optimal control time histories.
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Fig. 3 Approximate vs exact solutions.

case, case b, it reaches its bound in the terminal boundary
layer; whereas in the most demanding case, case c, the max-
imal values have been applied both at the beginning and at
the end of the trajectory.

In order to test for conjugate points, we have perturbed
the trajectories, as explained above, by varying the initial
value of the costate vector. The linearity of each perturbed
trajectory has been checked numerically. The singular values
of the matrix G(t) for case c are shown in Fig. 2 on a log-
arithmic scale. For presentation purposes the singular values
are shown for t > 0.37/. They increase monotonically on the
interval 0 < t < 0.37J.) As expected, there is a numerical

"zero" singular value, whereas the remaining singular values
are all within several orders of magnitude higher. In general,
the nonzero singular values seem to blow up as time unfolds.
A similar result has been observed in Ref. 4.

Approximation Scheme
The computational burden of solving two-point boundary

value problems, such as the minimum-time intercept with the
point-mass model, may be very significant when one begins
with no previous knowledge about the adjoints. This is es-
pecially true for onboard implementations of the optimization
algorithms. This unfortunate fact provides the motivation for
the approximation method that will be considered next. As-
suming constant speed, the state-space is reduced to three:

x = V cos

y = V sin (17)

The optimal control should satisfy

^ = 0
A^ > 0

(18)

The singular control is obtained from the requirements dA^/
dr = 0, d2A^//2 - 0.

For our numerical example the constant speed was fixed to
750 fps, which is the cruise speed at this altitude. The optimal
controls have been all of the bang-singular-bang type (this is
the common situation, but not the only one possible2), which
is in qualitative agreement with the exact solutions. The op-
timal costs are 66.70, 66.72, and 72.26 s for cases a, b, and
c, respectively. A comparison of an approximate control func-
tion (case c), with the exact solution is shown in Fig. 3. The
results are in reasonably good agreement. The computational
effort in solving the exact problem is significantly higher than
the approximate one; in fact the latter is simple enough to be
considered for onboard implementations.2

Conclusions
Pontryagin minimum principle has been applied to a

minimum-time point-to-point maneuvering problem of a
bank-to-turn UAV. The Jacobi test has been performed, by
a reliable SVD technique, to check for the optimality of the
solutions. Numerical studies revealed a typical pattern of
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minimum-time trajectories with three time-zones of azimuth
changing. A mild turn at the beginning, an almost level flight,
and a final tight turn. An approximation to the problem, with
a constant-speed assumption, has been shown to be in good
agreement with the exact solution.
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Introduction

O NE of the topics of current interest in high angle-of-
attack (AOA) aerodynamic research is the interaction

between the F/A-18's leading-edge extension (LEX) vortex
and the vertical tail surfaces. The resulting buffeting of the
vertical tails has led to the development and implementation
of a LEX fence for the F/A-18. Recent investigations of ver-
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tical tail buffet of the F/A-18 aircraft, both in wind-tunnel
tests1"3 and flight tests,4 have shown that the LEX fence has
little effect on the position of vortex burst, but causes for-
mation of a second vortex near the fence and reduces the
dynamic loading on the vertical tail. Brief reviews of the pre-
vious studies related to tail buffeting phenomena on twin-
tailed aircraft at high AOA appear in Refs. 5 and 6. Data on
spectral energy content of the vortex, both with and without
LEX fences, will significantly add to the understanding of
vortex/tail surface interaction. To this end, an investigation
was conducted in the Naval Postgraduate School (NPS) 32-
by 45-in. low-speed wind tunnel, using a 3% scale model of
the Northrop YF-17, the lightweight prototype from which
the F/A-18 was evolved.7 The results of the hot-wire surveys
of the downstream wake with and without LEX fences are
discussed, with particular emphasis on power spectral data.
Additional details of the investigation appear in Refs. 7
and 8.

Experimental Program
The NPS tunnel is a closed-circuit, single-return, horizon-

tal-flow wind tunnel with a contraction ratio of 10:1, a test
section 1.143 m wide by 0.813 m high by 1.219 m long, a
maximum test section velocity of 80 m/s, and a nominal free-
stream turbulence level of 0.2%. A yoke assembly attached
to a horizontal turntable located in the center of the test
section floor permits sting-mounting of the model and variable
pitch angles (Fig. 1). The diameters of the sting and the ver-
tical strut were 15.9 and 25.4 mm, respectively, and the dis-
tance of the vertical strut to rear of the model was 0.133 m.
The 3% YF-17 model having a length of 0.486 m, a wingspan
of 0.32 m and a mean aerodynamic chord (MAC) of 0.098 m
was chosen due to its close similarity to the F/A-18 and its
availability. Dissimilarities between the YF-17 and the F/A-
18 were considered minor enough in the investigation of the
effects of the LEX fence.7~9 The model was configured with
neutral flap settings and wingtip missiles. Note that the same
model was tested in Ref. 5, but without wingtip missiles. The
3% scaled version of the NASA Ames LEX fences was con-
structed from 0.8-mm-thick balsa wood and installed one on
each side of the model near the junction of the LEX and the
wing.8

Flow visualization by injection of smoke into the test section
at low tunnel velocities (5-10 m/s) helped determine the ap-
proximate location of vortices downstream of the model. This
information was subsequently used to determine locations for
hot-wire surveys. The crossprobe was mounted on a traversing
mechanism (Fig. 1) that allowed surveying laterally by turning
the traversing crank. A spectrum analyzer provided spectrum

Fig. 1 Model in the NPS wind tunnel with hot-wire probe at sta-
tion B.


